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Denote by 7 (n,m) the class of all triangle-free graphs on n vertices and m edges. Our
main result is the following sharp threshold, which answers the question for which densities
a typical triangle-free graph is bipartite. Fix ¢ > 0 and let t3 =t3(n) = §n3/2\/@. If
n/2 < m < (1 —¢)ts, then almost all graphs in 7 (n,m) are not bipartite, whereas if
m > (14¢€)ts, then almost all of them are bipartite. For m > (1+¢)ts, this allows us to
determine asymptotically the number of graphs in 7 (n,m). We also obtain corresponding
results for Cy-free graphs, for any cycle Cy of fixed odd length.

1. Introduction and results

Let G(n,m) denote the set of all graphs with vertex set [n]:={1,...,n} and
m edges and let Gy, ,, be a graph chosen uniformly at random from G(n,m).
The evolution of random graphs (where we begin with m =0 and study the
likely properties of Gy, ,, for increasing m) has been the subject of much
study (see e.g. [2,5,7]). Intimately connected to this problem, but much less
understood, is the question of what happens if we restrict our attention to
certain subclasses of graphs.

Here, we consider the class of triangle-free graphs, where we denote by
T (n,m) the set of all triangle-free graphs with vertex set [n] and m edges
and denote by T),,, a graph chosen uniformly at random from 7 (n,m).
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Information about the typical structure of 7;, ,, also allows us to estimate
|7 (n,m)|. Since by definition

- 7 (n,m)|
PG, m is triangle-free] G|’
this in turn leads to a more complete picture of the evolution of graphs
in G(n,m). In what follows, we say that almost all graphs in G(n,m) (and
similarly for 7 (n,m) etc.) have some property if the proportion of graphs
in G(n,m) with this property tends to one as n tends to infinity. We then
also say that G, ,,, has this property almost surely.

To see what results one might expect, consider first the uniform mea-
sure on all triangle-free graphs on n vertices. Here Erdds, Kleitman and
Rothschild [4] proved that almost all triangle-free graphs are bipartite. Fur-
thermore, Mantel proved in 1906 that every triangle-free graph on n vertices
has at most |n?/4] edges and moreover that for m = |n?/4], all graphs in
7 (n,m) are bipartite. If m = o(n), then we have a similar result. Indeed,
for such m almost surely Gy, ,, contains no cycle at all, and thus almost all
elements of 7 (n,m) are bipartite. However, the following result by Promel
and Steger shows that there is a range of m where this is not the case.

Theorem 1. [16] There exist constants c1, c2, and c3 such that

1 if m=o(n)

P (T, is bipartite] — 0 if c¢n<m < con’/?

1 if m>c3n™*logn.

It is easily seen that the condition m =o(n) is best possible. The main
result is the second 1-statement. Promel and Steger conjectured that the
function involving the n”/* term could be replaced by a function growing
like n3/2t°(1) Recently, Luczak proved a related result, which implies that
n3/2 is the threshold for the property that almost all graphs in 7 (n,m) are
“almost” bipartite. His proof is based on a sparse version of the Regularity
Lemma of Szemerédi.

Theorem 2. [12] Given § >0, there exists a constant C'>0 so that almost
all triangle-free graphs with n vertices and m > Cn®? edges can be made
bipartite by deleting at most dm edges.

In this paper, we resolve the above conjecture by proving the follow-
ing sharp threshold for bipartiteness. Quite naturally, it turns out that this
threshold is a little larger than that for “almost” bipartiteness. As in Theo-
rem 1, the main result is the second 1-statement.
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Theorem 3. Let 3
3
ts = t3(n) = Tn3/2\/10g n.

Then for any € >0,
1 if m=o(n)
P [T, is bipartite] — 0 if n/2<m < (1—¢)t3
1 if m>(14e¢e)ts.
In Section 9, we show how the proof of Theorem 3 yields a very natural
result on the structure of triangle-free graphs which provides a bridge be-
tween Theorems 2 and 3. In [14] we also give a simple argument which shows

that in most of the non-bipartite range almost all graphs in 7, ,, actually
have rather high chromatic number.

almost bipartiteness —!

n/2 Cn?/? @ n*/?\/logn [n?/4] ™

Fig. 1. The proportion of triangle-free graphs with n vertices and m edges which are
bipartite as n— oo

We briefly mention some related results. Firstly, a result of Bollobas (see
Chapter X of Bollobés [2] or Spencer [18]) implies that

3 1/2
m > > log(wn)

is a necessary and sufficient condition for G, ,,, to have diameter two almost
surely, where w is some function tending to infinity arbitrarily slowly. The
proof of this result also implies that the threshold function for the property
that almost surely every edge of Gy, ,, lies on a triangle is ©(t3). Here, for
functions f and g we write f=0(g) if f=0(g) and g=0O(f).

Secondly, to prove his lower bound on the Ramsey number R(3,s),
Kim [8] showed that there exists a triangle-free graph where the independent
sets have size O(t3/n). This graph is certainly “far from being bipartite” and
it is implicit in his proof that it has ©(t3) edges.
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Furthermore, it is worth noting that Theorems 2 and 3 have a determin-
istic analogue: Erdés et al. [3] proved that a graph in 7 (n,m) must exhibit
bipartite-like behaviour (it contains a large induced bipartite graph) if and
only if m/n3/? — co.

As indicated earlier, information about the typical structure of triangle-
free graphs allows us to determine asymptotically the number of graphs in
T (n,m) for sufficiently large m. The following theorem (whose proof is based
on Corollaries 2.9 and 2.10 of Promel and Steger [15]) provides a precise
asymptotic estimate for the number of bipartite graphs with sufficiently
many edges. Together with Theorem 3, this gives us the asymptotic for the
number of graphs in 7 (n,m) for m > (14+¢)t3, which improves on the bounds
implied by Theorem 2 for these m.

Theorem 4. Almost all bipartite graphs with n vertices and m >n(logn)?
edges have a bipartition where the sizes of the vertex classes differ by at
most 2n+/logn/\/m. Moreover, if m/n?—0, the number of such graphs is

(1 +o(1))¢7% \%(LTZ/‘%) (L"ni‘”).

If m/n? /0, the number of such graphs is

(o) ("))

For m=o0(n*3), the best bounds on |7 (n,m)| are due to Wormald [20].
If m/n4/ 3 40 and if m is not large enough for Theorem 2 to apply, the
best bounds are those which follow from the results in Janson, Luczak and
Ruciniski [6].

Finally, it turns out that the proof of Theorem 3 can be extended to work
for any odd cycle.

Theorem 5. Given an odd integer £, let

ty =ty(n) = (e—il (g)ﬁogn>

Then for any >0,

1/(e-1)

1 if m=o(n)
0 if n/2<m<((1—e)y
1 if m > (1 + €)tg.

P[Gp,m is bipartite]
P[Gpm is Co-free]
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This paper is organized as follows. In Section 2, we sketch the proof
of the second 1-statement of Theorem 3. In Section 3 we prove Theorem 4.
Furthermore, we prove some facts about bipartite graphs which we shall need
in Sections 4 and 5. In Section 4, we prove the 0O-statement of Theorem 3.
In Section 5, we show how to deduce the second 1-statement of Theorem 3
from three lemmas, namely Lemmas 17, 18 and 19. In Section 6 we prove
Lemmas 17 and 18. In Section 7 we prove Lemma 19. In Section 8, we show
how the proof of Theorem 3 may be extended to yield a proof of the case of
forbidding cycles of arbitrary odd length (Theorem 5). Finally, in Section 9,
we show how the proof of Theorem 3 can be used to improve on Theorem 2
for n3/2 <m<ts.

2. Sketch of the proof

In this section, we outline the proof of the second 1-statement of Theorem 3.
We stress that most of the notions and statements are only made precise in
the later sections. In contrast to [16] and [12], the main tools used in our
proof of the second 1-statement are the correlation inequalities (29) and (30),
which are from Janson, Luczak and Rucinski [6]. In [6], these were applied
to give an exponential upper bound on the probability that a random graph
Gpp (and thus G,, ) is H-free for some fixed graph H, where G,, , denotes
a random graph with n vertices and edge probability p. For m >t3 and H
a triangle, the bound obtained in this way is asymptotically about e~™/9
(note that e'/?~1.12).

However, the probability that a random graph G, ,, is bipartite (see
Corollary 8) is asymptotically only about 27"™. Roughly speaking, the reason
for the gap between the two bounds is that the variance of the number of
triangles in G, is too large.

The outline of our approach is as follows. We say that a graph is k-
bipartite if k is the minimal number of edges that have to be deleted to
make it bipartite. In Lemma 12 we show that the ratio of k-bipartite graphs
in G(n,m) to bipartite graphs in G(n,m) is at most f(k), where the function
f(k) is not much larger than (73) Since every graph is k-bipartite for some
k<m/2, we would thus be done if we could show that for all £ with 1<k <
m/2,

: e o(1)
1 - - < .
(1) PG m is Ks-free | G, is k-bipartite] < ZF )
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Indeed, (1) would imply that

m/2
PGy m is K3-free] = ZP[Gn,m is Ks-free| Gy, is k-bip.| P[Gy, m is k-bip.]
k=0
o o(1) : .
< P[G,,m is bipartite] + Z ——~P[Gy, m is k-bip.]

= k()
= (14 0(1))P[Gy,m, is bipartite].

In other words, the hope would be that by conditioning on the number
of edges needed to be deleted to make G, ., bipartite, one can reduce the
variance of the number of triangles and thus obtain the desired result.

We now illustrate this idea for the case when k=1 and m = o(n?). In
Proposition 9 we show that the 1-bipartite graphs outnumber the bipartite
graphs by a factor of about m. Now consider a random graph chosen as fol-
lows. Fix an equitable bipartition into classes A and B, where a=|A|=|n/2]
and b = |B| = [n/2]. Fix one edge e with both endpoints in A, and in-
clude the edges between A and B independently at random with probability
p=(m—1)/(ab) ~4m/n? What is the probability that the edge e can be
extended to a triangle using a vertex in B? For each vertex in B the prob-
ability that there is a triangle extension using this vertex is p?. But the
triangle extensions are independent and thus the probability that the edge
has no extensions is

(2)
(1 _pZ)b _ ef(lJro(l))bp2 _ efB(IJro(l))m2/n3 > 1/m if m < (1 - 6) t3
< 1/m it m > (1+¢e)ts.

Here we write f(n)<g(n) if f(n)/g(n)— 0. Note that this does not yet im-
ply (1) for k=1, as the probability model is different. We will also encounter
this problem later on, where we will usually prove results in some binomial
probability model like the one described above, as these have the advantage
of greater independence and tractability, and then use some technical argu-
ments to show that essentially these results are true for the corresponding
k-bipartite graphs in G(n,m).

When k>1, we can no longer assume independence between extensions,
so we apply the correlation inequalities (29) and (30). As in the case k=1,
we fix some vertex bipartition A, B of the set of n vertices, and fix some
graphs G4 and Gpg, where the vertex set of G4 is A and that of Gg is B
and where these graphs together have k edges. We then apply the correlation
inequalities to the bipartite graph between A and B with edge probability

p~(m—Fk)/(ab).
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However, this yields good upper bounds on the probability that such
a graph is triangle-free only if G4 and Gp are close to being regular
graphs, as otherwise the variance of the number of triangles is too large.
Thus we classify all possible pairs (G4,Gp) according to how far they
are from being regular. This is done by considering the size of the “tor-
sos” — the largest subgraphs of G4 and Gp of sensible maximum degree,
see Section 5. In Lemma 12 we prove that the further the pair (Ga,Gp)
is from being regular, the fewer k-bipartite graphs there are whose sub-
graphs induced by A and B equal G4 and Gp. Accordingly, the bounds
which we need on the probability that such a graph is triangle-free are
allowed to get larger the more irregular G4 and/or Gp are. This trade-
off is modelled by the function f(k,r) introduced in Section 5. Thus we
can show in the proofs of Lemmas 17 and 18 that the correlation in-
equalities are strong enough to cope with moderately irregular graphs
too.

However, this scheme does break down when G4 or G is much too far
from being regular. We deal with these graphs in Section 7, where we will
make use of the fact that there are not too many such graphs. Surprisingly, it
also turns out that we can actually take advantage of the strong irregularity
of G 4, say. Namely, it implies that GG 4 contains many vertices of high degree
(see Proposition 11). It is easily seen that for any k-bipartite graph and any
x € A, the degree d4(x) of x in A is at most the degree dg(x) in B. This fact
implies that A contains many vertices x with large neighbourhood I'g(z) in
B. We then show (see Lemma 22) that with high probability at least half
of these neighbourhoods “expand”, in the sense that almost all vertices in
A are adjacent to some vertex in I'g(z), i.e. |['a(I'5(x))| ~a. But then the
whole graph will contain a triangle unless I'4(I'g(x)) and I'4(x) are disjoint,
which happens very rarely, since the former set is so large (see the proof of
Lemma 19).

Our methods fail if &> dm, where § is some small constant, as we can
then no longer control the variance of the number of triangles. Fortunately
however, the result of Luczak (Theorem 2) means that we can ignore this
case. Our methods also fail if m/n? /£ 0. However, this case is already cov-
ered in Theorem 1 by Promel and Steger, so we can ignore this possibility
too.

For clarity, we will often omit floors and ceilings whenever this does not
affect the proof. We will assume throughout that n is sufficiently large for
our estimates to hold. All logarithms are base e.



112 DERYK OSTHUS, HANS JURGEN PROMEL, ANUSCH TARAZ

3. Counting bipartite graphs

In this section we prove Theorem 4 and some facts about bipartite graphs
which we will need later on. Similar results are also implicit in Promel and
Steger [15]. As the proofs are short, we include them here for completeness.

First we need some definitions. We say that a bipartite graph with vertex
set [n] and m edges together with an admissible bipartition of its vertex set
is a 2-coloured graph (where we consider unordered partitions, i.e. (A, B)
and (B, A) give rise to the same 2-coloured graph). We denote the number
of these by Col2;, ,, and the number of bipartite graphs by Bip,, ,,,. We say
that a vertex bipartition is almost equitable if the sizes of the vertex classes
differ by at most 7, where

_ 2ny/logn
T= 7@ .

We denote by Ziﬁ p the sum over all unordered almost equitable bipartitions
of [n] and denote by a and b the size of the corresponding vertex classes. For
a fixed bipartition with vertex classes A and B, we call any bipartite graph
with vertex classes A and B an AB-graph. In what follows, we shall make
frequent use of the following simple inequalities (see page 5 of [2]), which
are valid for j <j+r <i.

o ()0

Also we shall need the following crude estimate, which follows from Stirling’s
formula (see page 4 of [2]).

. B ]
(4) ') < (g) .

J J
Finally, we shall need the following inequality (see page 5 of [2]). For 0<n<
1/2,

(5) 1—n>e 107,

Lemma 6. For m>n,

Col2m = (1+ o(1)) f: <ab>.

A,B
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Proof. By inequality (3), the number of two-coloured graphs not counted
by the above sum is at most

[n/2]
n O\ (/2] = 2)(ng2] + )
2 (Ln/2J - x) ( m )

x>7/2

[n/2] 2 2
n |n°/4| —x
<2 P )

O n (124 & e
) (01) X e

x>7/2

The result now follows from the fact that the last line is o(.) of the number
of 2-coloured graphs with partition size as equal as possible. |

Lemma 7. Suppose that m>20nlogn. Fix a bipartition with vertex classes
A and B. The probability that an AB-graph with m edges chosen uniformly
at random is disconnected is o(1/m?).

Proof. Let a=|A| and b=|B|. Let 3, denote the sum over all ordered
pairs of integers ¢’ and b with @' +V > 1 and o’ < a/2 and V' < b/2. If
the AB-graph is disconnected, then there exist sets A’ ¢ A and B’ C B
with @/ =|A’| <a/2 and V/ = |B’| <b/2 so that both A’ and B’ are either
(i) connected only to the small set B’ or A’ on the opposite side or (ii)
connected only to the large set on the other side. The probability of () is
at most

o SR )
a’\b’

< Z nd (ab —a'(b— b;z —V(a— a/)> / ((;2)

ay
(%) %exp {a' (logn - %(b - b')) +b <logn - %(a - a')) }
< %exp {—a'm/(4a) — 'm/(4b)} = o(1/m?),

since m >20nlogn. The probability of (ii) is at most that of (i) (as the term
a't/+(a—a’)(b—0b) in (6) is now replaced by a'(b—b")+b'(a—a’) and the latter
term is smaller than or equal to the former), and so the result follows. |
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Corollary 8. For m>20nlogn,

(7) Bipym = (1+0(1) S (b)

ap\Mm

Moreover, almost all bipartite graphs with n vertices and m edges are
uniquely two-colourable.

Proof. Certainly Bip,, ,,, <Col2;, ;. To prove the lower bound, note that a
bipartite graph is uniquely two-colourable if and only if it is connected. But
by Lemma 7, the proportion of two-coloured graphs on n vertices and m
edges which do not correspond to a uniquely two-colourable graph is o(1),
with room to spare. Hence the result now follows by Lemma 6. ]

Proof of Theorem 4. Note that Corollary 8 immediately implies the first
part of Theorem 4. To prove the “moreover” part, note that Corollary 8
states that it suffices to count the number of 2-coloured graphs with an
almost equitable bipartition.

First assume that m = o(n?). Then the upper bound on the number of
these follows as in the proof of Lemma 6 (except that the summation is now
over those x with x <7/2), using the fact that

7/2 2,2 /2 2,2
(8) S emdmat/n :(1+o(1))/ et dy
=0 0
\/8logn
_ (1—1—0(1))\/%_/ o2y
m Jo

= (14 0(1) = /7/2.

Here we substituted u = zv/8m/n to obtain the density function for the
normal distribution. To prove the lower bound, we proceed similarly as in
the proof of the upper bound, except that we now make use of the following
two inequalities. Fix some ¢ with 0 < § <1 and suppose that x < 7. Then
firstly we have (using (|n/2]—2)([n/2]+z)> |n?/4] —2? —z in the first line
and m=o0(n?) in the second line) that

2

([n/2] = 2)([n/2] + x) [n?/4]\ @ m otz
S S e

—4(14+8)m(z%+x)/n?

A
[V ot

e
(1 o 5)e74(1+5)mm2 /n?

Vv

)
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and secondly we have

(Ln/2J —x>/<w2J> =1-0

This inequality follows since m >n(logn)? implies that x <7=o0(\/n).

If m/n? 40, for the upper bound it suffices to note that (8) still holds
with the 14 0(1) factor replaced by a sufficiently large constant. For the
lower bound, it suffices to note that the number of 2-coloured graphs whose
bipartition is as equal as possible is already sufficiently large. ]

4. Proof of the 0-statement

We now consider those m which are below the threshold for bipartiteness,
but which are not covered by Theorem 1. First observe that the case when
n/2<m<cyn, where ¢; is any fixed constant, follows from results of Erdds
and Rényi. Indeed, they showed that in this range, the probability that a ran-
dom graph G, ,,, is triangle-free is bounded away from zero (see e.g. Chapter
IV in [2]). On the other hand, they noted that for m >n/2, the probability
that G, ,, is bipartite tends to zero (see page 57 of [5]). So to prove the 0-
statement of Theorem 3, by Theorem 1 it suffices to consider those m with
20nlogn < m < (1 —e)ts, where without loss of generality we will assume
that € <1075, Recall also that throughout we assume that n is sufficiently
large for our estimates to hold.

A (2,1)-coloured graph is a graph together with a two-colouring of its
vertex set with the property that there is exactly one edge which lies within a
colour class and a (2,1)-colourable graph is one which can be (2,1)-coloured.

Let Bip;:jn denote the number of (2,1)-colourable graphs on n vertices with

m edges, and let Col2,'!

-m denote the number of (2,1)-coloured graphs on n
vertices with m edges (where again we consider partitions into unordered
parts). Recall that Bip,, ,,, denotes the number of bipartite graphs on n
vertices with m edges.

Throughout, >4 5 denotes the sum over all unordered bipartitions of n

vertices, and we write a=|A| and b=|B].
Proposition 9. If 20nlogn <m=o(n?), then

C012j{71m = (14 0(1))m Bip,, ,,,-
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Proof.
+1 _
Col2,, ,,, = Z

6 ()6

m = a(a—1)+bb—1) [ab
2

N

ab—m+1 m

) —(1+o(1))mY (“b>.

ap\™

The last line follows by separately considering those bipartitions which are
almost equitable and those which are not (a calculation as in the proof of
Lemma 6 shows that the contribution of the latter is o(1) of that of the
almost equitable ones). Now Corollary 8 implies the result. |

Proposition 10. If 20nlogn < m = o(n?), then the ratio of the num-
ber of (2,1)-coloured graphs which do not correspond to a uniquely (2,1)-
colourable graph to the number of bipartite graphs tends to zero.

Proof. Fix a partition (A, B) and an edge f within one class and consider
a random (2,1)-coloured graph G with this partition, with m edges and
containing f. Thus G — f is a random AB-graph with m —1 edges. If G is
not uniquely (2,1)-colourable then either G — f is not uniquely 2-colourable
or there exists an edge e € F(G) between A and B so that deleting e and f
yields a bipartite graph which is not uniquely two-colourable. By Lemma 7
the former occurs with probability o(1/m?) and the latter with probability
o(1/m), as there are m possibilities for the edge e.

Thus the number of (2, 1)-coloured graphs where the corresponding (2,1)-
colourable graph is not uniquely colourable is o(Col2j;1m /m) and hence is
o(Bip,, ,,,) by Proposition 9. |

In the following proofs, we shall make use of the following Chernoff
bounds (see e.g. Theorem 2.1 in Janson, Luczak and Rucinski [7]). Let X be
the number of successes in N independent coin tosses, each having success
probability p’. Then for any § >0,

(10) PX < (1 - §E[X]] < e PEXI/2,

(11) PLX > (14 0)E[X]] < (e(1+8)~0+0) "
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Proof of the 0-statement of Theorem 3. As remarked at the beginning
of this section, we may assume that 20nlogn <m <(1—¢)ts. Fix an almost
equitable bipartition into classes A and B, fix an edge e in A and let p=
(1+¢e2)4m/n?. Then the probability that a random AB-graph with edge
probability p forms no triangle together with the edge e is

Note that my > (1—¢)tge~(176)8(t3)*/n° _, 50 The same result holds if we fix
an edge in B. Now (10) implies that the number of edges in the bipartite
graph is less than m — 1 with probability at most e~ =0(1/m), for some
constant ¢ depending only on €. Since the probability of being triangle-free
is monotone decreasing with m, this implies that the probability that an
AB-graph, with m—1 edges chosen uniformly at random, forms no triangle
together with e is certainly at least /2. Thus as in the proof of (9), the
number of (2,1)-coloured graphs not containing a triangle is at least

) () 6)) 5= mn 2 )

D14 0(1))% mBip,, -

—
—

The result now follows from Proposition 10 and the fact that vm—oo. 1

5. Counting almost bipartite graphs

In this section, we reduce the proof of the second 1-statement of Theo-
rem 3 to proving that certain graphs (which are close to being bipartite)
are triangle-free with sufficiently high probability. In this section, up to
Lemma 17, we assume that n(logn)?=o(m).

As a preliminary step, we partition the set of graphs with m edges and n
vertices. Given any graph G, one of its vertices x and a set of its vertices .5,
we denote by dg(z) the number of neighbours of x in S. Given a bipartition
of the vertices of GG into A and B, we say that the bipartite subgraph spanned
by A and B dominates the graphs induced by A and B if for each vertex
x € A we have dy(x) <dp(x) and for each vertex y € B we have dp(y) <da(y).
Given (A, B), we say that G is (ki,ko, A, B)-bipartite if the graph induced
by A has exactly k; edges, if the one induced by B has exactly ko edges and
if the bipartite graph spanned by A and B dominates the graphs induced
by A and B.
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We say that a graph G is k-bipartite if k is the minimal number of edges
needed to be deleted to make it bipartite. Note that every k-bipartite graph
is (k1, ko, A, B)-bipartite for some (k1,ke, A, B) with k=kj+ko, but that the
converse is not necessarily true. Note also that a (0,0, A, B)-bipartite graph
is bipartite. Let a=]A| and b= |B| again. We will refer to the subgraph of
a (ki,ke, A, B)-bipartite graph induced by A as its (k1, A)-graph. Equipped
with these definitions, we can now write

(12)
m/2
PGy, m is K3-free] < Z Z PGy is Ks-free and (k1, k2, A, B)-bip.].
A,B k1+ko=0

Recall that the sum 3~ p is over all unordered bipartitions of [n]. We do
not have equality in (12) since a graph may well be (ki, ko, A, B)-bipartite
for several different quadruples (ki,kq, A, B).

Now we classify the (ki,ks, A, B)-bipartite graphs where k; and ko are
small according to the properties of the subgraphs induced by A and B.
Without loss of generality, we assume that € <1076, where ¢ is the constant
from Theorem 3. Also assume that ki+ks < dgm, where loglog1/dg=e~> (re-
call that m is the total number of edges of the graphs under consideration).
For all nonnegative integers r, let

kl,r = (1 — €)Tk‘1,

let
etm

13 D = —— "
(13) ' nlog(m/ky)’
and define 74 by

4loglog(m/k1)
14 l—-g)d = ——— =,
(14) (1—¢) e2log(m/ky)

By the assumptions on € and kq, r4 is much larger than one, and so the
error incurred by treating it as an integer will be negligible. We denote by
T4 a largest spanning subgraph of the (k1,A)-graph of maximum degree
at most D; and call it a torso of the (ki,A)-graph. For 1 <r < ru, we
say that a (ki,A)-graph is a (k;,,A)-graph if any torso has more than £ ,
and at most ki ,_1 edges. By our restriction on ki + ko, Dy is larger than
the average degree of a (ki,A)-graph, and so a regular (ki,A)-graph is a
(k1,1,A)-graph and is equal to its torso. A graph has torsos with few edges
if it is “far” from being regular. Thus in a sense, the parameter r measures
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how far a (ki,,A)-graph is from being a regular graph. Furthermore note
that if ky <(14¢)Dy, then any (k1,A)-graph is a (k;i,1,A)-graph. We call a
(k1,A)-graph a (ki ,,A)-graph if it is not a (k;,, A)-graph for any r <r4.
We define kg, Do, T and rp similarly and then extend these definitions
to (k2, B)-graphs and (ki, ke, A, B)-bipartite graphs in the obvious way.

For later reference, we note the main consequences of our definitions in
the following proposition. For the next few lemmas (up to and including
Proposition 15), we assume that A and B are fixed.

Proposition 11. For 1 <r <74, consider a (ki ,,A)-graph and one of its
torsos, Ta say. Then A contains a set S, which has at most

~ 2k11
§ = — -

(15) o

vertices, so that each edge not in T4 is incident to a vertex in S. Moreover,
the number of (ky ., A)-graphs is at most

(2)

as
16 a’ .
(16) (kl - kl,rl) (kl,r1>

Proof. Since by definition T4 has at most kq,_; edges and has maximum
degree D1, there are at most s vertices in A whose degree in T4 is exactly
Dy. Let S be the set of these vertices. Every edge not contained in T4 has
at least one endvertex in S, since otherwise it would have been included
in T4 by the edge-maximality of T4. To prove (16), note that the above
implies that every (k;,,A)-graph can be constructed by first choosing the
vertices of S, then ki — k1 ,_1 edges with at least one vertex in S, and then
the remaining edges. ]

We call the above set S a spine of the (ki ,,A)-graph (corresponding to
T4). In what follows, we will often use the following crude bounds on s/a,
which hold for any a with n/4<a<n.

13 14 ‘
kp (13) k1 (S) < 8k (13) 8ky log(m/ky)

s
< e
e2m — e2nD;log(m/ky) a ~ nD; etm

(17)

)

where we used kj,_; < k; in the upper bound on s/a. In some cases it
will suffice to use that the right hand inequality in turn implies that (since
k1 <6om and a(loga)?=o0(m)) we have

(18) s/a<1/18 and sloga < kj.
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Note also that s > 2, as a torso of a (ki,,A)-graph has at least D; edges
if r>1. A simpler definition of a torso would have been to define it to be
the subgraph induced by the vertices of degree at most Dy. However the
resulting upper bounds on s (and thus of the average degree of the vertices
in S) are too large for the calculations in Section 7. For 1<k <dpm, let

f(k?h 1) — ekl log(20m/k1).
Here and below for convenience we interpret kjlog(m/ki) as zero if k3 =0.
For 1<r<ryu, let
f(kI; ) (1+8 )(1—8)T71k1 log(m/k1) _ e(1—|—82)k‘17r7110g(m/k1).
Note that for such r, f(ki,r) is large, as we assumed ki < dgym, where
9 ) g 9 9

loglog1/6y=¢7"

Lemma 12. Ifa, b>n/4, m=o0(n?), and ki + ko <Jdom,

PGy m is (ki k1ry, A, B)-bipartite]
< f(k1,m1) f(k2,72) P[Gy m is (0,0, A, B)-bipartite]

Proof. Consider the case r1 = ro = 1 first. We bound the number
of (k11,k21,A, B)-bipartite graphs by the total number of (ki,k2, A, B)-
bipartite graphs. For deN, let (¢)g=c(c—1)...(c—d+1). Since the colour
classes are fixed, the ratio of (k1,ks, A, B)-bipartite graphs to (0,0, A4, B)-
bipartite graphs may be bounded by

() (o) ()

(a 2/2)k1 52/2)k2 (@b)m—ty—ky M/

< m kl — kg) (ab)m
2 j9)hn (b2 1
(k?h k2> f2 0 /2) (ab — M)k, +k,
(19) (kh k2>
(20) < f(k1, 1) f(ke, 1)

Here (20) follows from (19) since we have

e () = ()" = (@) 6) = () (&)
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Now (20) follows by substituting this into (19) and using a, b>n/4.

Now we turn to the case r; > 1 and ro = 1. For simplicity, let k=k; and
k' =ki, —1. By (16), the ratio of the number of (kj,,,k21,A, B)-bipartite
graphs to (0,0, A, B)-bipartite graphs may be bounded by

IO
2 e (%) ()

S(as Kog?k g
< fRD)F e D @" G5 1T Ta2/ark
k—k'
(22) < s a8 (2)

where in the last line we used k!/((k —k')!k"1) <2*. Now use (17) and also
the fact that sloga<k (see (18)) to see that (22) is at most

f(k, 1) f(k2,1) (8e)F exp {(k — k') log (M)} :

etm

Now applying 8log(m/k)/e* > 1 to the term involving k&’ and noting that
log(8%-20e/c*) <loglog(m/k), one sees that this is at most

f(ka,1) exp {2kloglog(m/k) + k' log(m/k)}
=F(k, 1) f (o, 1) exp {2k log log(m/k) — &2k’ log(m/k) }
(23)  <f(k,r)f(ka, ).

In the last line we used the fact that 1 <r4 and (14) imply that k/k is not
too large.

Now one may use (23) to prove the general case when 71 >1 and r9 > 1
in the same way. ]

We now prove a lemma and a corollary which we shall need in Section 6
and 7. They will imply that the bound of Lemma 12 is not too far from the
truth. For each ki, let r] denote the largest r; with r1 <r4 so that the class
of (k1,,,A)-graphs is nonempty, and for ks, define r; similarly.

Lemma 13. Suppose that a>n/4, ky <dym, and r1 <rj. With probability

at least (f(k:l,rl))72€2, a (ki,y,,A)-graph chosen uniformly at random has
maximum degree at most m/n.
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The probability bound in the lemma is far from best possible, but it
suffices for our purposes. The proof of Lemma 13 implies that it also holds
with A replaced by B and the index “1” replaced by “2”.

Proof. The case r; =1 is straightforward. Indeed, we are immediately done
if k1 <m/n. If not, consider a (ki,A)-graph chosen uniformly at random
and for a fixed vertex x in A, let X denote the degree of x in this random
graph. (Recall that a (k1, A)-graph is just a graph with vertex set A and &y
edges.) Then E[X]=2Fk;/a<D;/2 and moreover, for 0<j<a,

PIX =] = (a; 1) <(g)z;(fj_ 1)>/<(’§1)>'

In other words, X is hypergeometrically distributed. Thus we can apply
Theorem 2.10. in [7], which says that the Chernoff bounds (10) and (11)
hold also for such X. Let Z denote the number of vertices of degree at least
D;. Then applying (11) with (1+d)E[X]=D; shows that

P[Z > 0] <E[Z] < aP[X > Dy] < an™ — 0,

for some fixed n < 1. Thus almost all (ki, A)-graphs have maximum degree
at most D;. Any such graph is a (k; 1, A)-graph and since Dy <m/n, the
statement follows.

Next suppose that 71 > 1. As before, we write k = k; and k' = k1 p—1
for simplicity. First suppose that k' < Dy /e3. But since G4 has k edges, the
maximum degree of G4 is then at most

(14) (13) g4 1

k < K'log(m/k) < 3 <m/n.
So we may assume that k' > D /53. First we prove a lower bound on the
number of (ki ,,,A)-graphs with maximum degree at most m/n. Fix a set
S" of ' =e?k'/(2D1) vertices in A. By our assumption on &, the rounding
error in assuming s’ is an integer is negligible. Let H; be the set of all graphs
with exactly k— (1 —e?)k’ edges such that each of its edges has one vertex
in S” and the other in A\S’. Let H) be the set of graphs in H; where the
vertices in S’ all have degree at least Dy and at most m/n, and where the
vertices in A\S" all have degree at most D;/2. Consider a graph chosen
uniformly at random from H;. Then the expected degree of a vertex in S’
is (k—(1—¢2)k')/s’, and it is easily seen that (using k/k’ >1 for the lower
bound)

k—(1—-e®)k kD m €2 (1<4) m
n (1 —e) alog(m/k) — 2n’

2D, <
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The expected degree of a vertex in A\S’ is at most k/|A\S’| < D;/4. Simi-
larly to the case when r; =1, by counting the expected number of vertices
of too large or too small degree, one sees that |H)|= (1+0(1))|H1|. Now
let Hso be the set of all graphs with vertex set A\S’ and exactly (1—e?)k/
edges (recall that k' > Dy /e? is large, so we may assume that this is an in-
teger). Let H) be the set of all graphs in Hy with maximum degree at most
Dy /2. Again, one can show as before that |H5| = (14 0(1))|Hz|. It is easily
seen that all graphs which are the union of a graph in H) and one in H}
are (ki,,,A)-graphs — any torso of such a graph is constructed by taking
all edges from the graph in H/, and by taking, for each vertex z€.5’, Dy of
the edges incident to z in the graph in H}. Thus the above implies that the
number of (k1 ,,,A)-graphs with maximum degree at most m/n is at least

it = o, 72 (1 )

The result now follows by comparing this lower bound with the upper bound
on the number of (k;,,,A)-graphs in (16). The calculation is similar to the
proof of the second part of Lemma 12. Note that s/4>s" >¢e2s/4.

\H’IIH2|/< (k k)<(k)>>

(S/a/2)kz—(1—a VK (a2/4)(1*52)k' k k
ast2k (as)kfk’ (1 _ 52)]{:/ / k!

a=* (82/8)k (28//a)52k’ 27k

(£%/(160))" (”s/(2a))"

(k‘/m)3€2kl/2 > f(k‘,?"l)72€2.

The last line follows since (14) implies k <&e2k'log(m/k)/loglog(m/k), fur-
thermore we have

IV IVE IV

( 2/166)103(m/k) k/m)lOg(IGe/E k/ )(log log(m/k))/2

and by (17) we have that £2s/(2a) > k/m. |

Corollary 14. Suppose that |a—b| <e?n and that k1+ko < Som. The number
of (ki ,k2,r,,A,B)-bipartite graphs is at least (1+o0(1))(f (k1 1) f(ka,ra)) 2"
multiplied with the product of the number of (ki ,,,A)-graphs, the number
of (kgr,,B)-graphs and the number of AB-graphs with m; =m —k; — ks
edges.
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Proof. We count only those (ki ,,,k2,,A, B)-bipartite graphs where the
AB-graph has minimum degree at least m/n and where its (ki ,,,A)-graph
and its (kg,,,B)-graph have maximum degree at most m/n. In an AB-
graph with mq edges chosen uniformly at random, the vertices in A have
average degree mi/a > (1—e)2m/n and the vertices in B have average degree
m1/b>(1—¢)2m/n. Thus, by counting the expected number of vertices of
degree at most m/n, one easily sees that almost all AB-graphs with m;
edges have minimum degree at least m/n. By Lemma 13, the proportion
of (k1,r,,A)-graphs with maximum degree m/n is at least f(k1,71)"%" and
also the proportion of (kg,,,B)-graphs with maximum degree m/n is at

least f(kg,rg)*2€2. |

In addition to Lemma 13, at the end of Section 7 it will be convenient to
apply the following explicit (and crude) lower bound. The proof is similar
to that of Lemma 13. Recall that k=k; and k’:klm_l.

Proposition 15. Supposer, >1. Then the number of (ki ,,, A)-graphs with
maximum degree at most m/n is at least (sa/8)" /k!.

Proof. Fix a subset S’ of A of size s'=|k'/D1|=1s/2]. Choose k—(k'—s'Dy)
edges uniformly at random between S” and A\S” and choose the remaining
k'—s' Dy edges uniformly at random in A\S’. As in the proof of Lemma 13,
with probability tending to one a graph obtained in this way has the required
properties (in particular, since k' > (1—¢)k, the expected degree of a vertex
in S"is D1+ (k—k')/s'> Dy +¢ek/s'>Di(1+¢). So with probability tending
to one, each vertex in S contributes D edges to any torso). Hence (noting
that (18) implies that (a;s/) > s'(a—s')) the number of (kq ,,, A)-graphs with
maximum degree at most m/n is at least

s’(a _ S,) (afs’) S/(a _ S,)
1 1 2 > (1 1
(1+o(1) (k: — (K — S’D1)> (k" —s'Dy)] — (1+o(1) k
> (s'a/2)k /! > (sa/8)F /!
Here we used that s'=[s/2| and s>2. |
Next, we prove a simple lemma which implies that in the proof of The-

orem 3 we can restrict our attention to vertex partitions of almost equal
size.

Lemma 16. The ratio of the number of (k1, ko, A, B)-bipartite graphs with
k1 + ko <e®m, |a—b| >e?n, and m edges to the total number of bipartite
graphs with m edges tends to zero as n tends to infinity.
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Proof. The proof is similar to the first part of the proof of Lemma 12. The
number of (kq,ks, A, B)-bipartite graphs as above is certainly at most

(NG ab
A,B: |;)|252n klgzo <k1> <k2> (m — ki~ kZ)

on 5527” (m >n2(k1+k2)((1—54/4)“2/4)m i (L /4J>

k1 -+k2>0 ks ke (In%/4]),, m

2n<Ln2/4J> > <m >n2(k1+k2> (et

IA

<
m k1-+ka>0 ks ke ([n?/4] - m)k1+k2
Ln /4J> 265m, . m—edm, edm n2(k1+k2)
< 2"< Je 1— /4 y o
( ) ( ) k1+ko>0 (n2/5)k1+k2

< 2 { (se2e)” (1 -etya) ) (WZ‘*J).

Since (1—¢e*/4)17¢" <e¢="/8, the term in the curly brackets is strictly less
than one. The result now follows since the total number of bipartite graphs

with m edges is at least (Lni{“). 1

Lemma 12 and Lemma 16 will enable us to deduce Theorem 3 once we
have proven the following three lemmas. In each of the following lemmas, we
assume that |a—b| <e?n, ki+ke <dgm, loglog 1/ =2, (1+¢€)tz3 <m=o0(n?),
r1<rj and ro <rj (with 7] and r; as defined before Lemma 13).

Lemma 17. Ifry<r4 and f(ki,r1)> f(ka,72), then

2

P(Gpm is Ks-free | Gy m is (k14y, ka,ry, A, B)-bipartite] < (j‘"(kl,v"l))_l_8 .
Lemma 18. Ifri<ry and ro<rpg, then

PGy m is Ks-free | Gy is (k14 k2,ry, A, B)-bipartite]
122
< (fllr,r1) fk2,ma))

Lemma 19. Ifry=ry4 and f(k1,71)>(f(k2,72))° */2 , then
P(Gpm is Ks-free | Gy is (k1,4y, ko,ry, A, B)-bipartite] < (f(kl,rl))_4/52 :

Below, we will use the fact that the proofs of Lemmas 17 and 19 imply
that they also hold with A and B etc. interchanged.
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Proof of the second 1-statement of Theorem 3. (modulo Lem-
mas 17, 18 and 19) We will assume that m = o(n?), since the result was
proven already by Promel and Steger [16] for larger m. Furthermore, by
Theorem 2 by Luczak [12] we have that

(24)
PlGpm 2 K3] < (14 0(1))P[Gp m 2 K3 and k-bip. for some k < dym |,

where without loss of generality we assume that ¢ < 1075, Since every k-
bipartite graph is (ki , ,k2,r,, A, B)-bipartite for some A, B, 1, 2, and some
k1 and ko adding up to k, (24) is at most (see also (12))

6()77’7, TI 7"1;

(14 0(1)) Z Z Z PGy m is (k14 , k2,ry, A, B)-bipartite]
A,B k1+ko=071,r2>1

(25) X P[Gpm 2 K3 | Gnm is (k15 , k2.ry, A, B)-bipartite].

Let 3_% p denote the sum over all bipartitions with [a—b| <&?n. By applying
Lemma 16 and then Lemma 12, one sees that (25) is at most

dom 7"1 7"'2

(14 o(1 )){ [Gp,m is bipartite] —1—2 Z Z f(ky,7r1) fko,m2)

A,B ki+ko=1 r1,72>1
X]P’[Gn,m 2 Kg ‘ Gmm is (klﬂ“l? k‘277»2, A, B)—bip.]

(26) PGy i (0,0, A, B)—bip.]}.

For those summands with 7y <74 and ro <rp we now apply Lemma 18. If

ri=ra and ro=7rp we apply Lemma 19 if f(k1,71)> f(ke,72) and Lemma 19
with A replaced by B otherwise. For those summands with 1 =14 and ro <
rp we apply Lemma 17 with A replaced by B if f(ki,7r1) < f(k2,72)¢ */2 and
otherwise Lemma 19. Similarly, if r; <r4 and ro=rp, we apply Lemma 17
if f(ko,m9) < f(kl,r1)82/2 and otherwise Lemma 19, with A replaced by B
Thus we see that (26) is (crudely) at most

(1+ 0(1)){P[Gn7m is bipartite]

dom 7"1 7"'2

+ Z]P’ nm s (0,0, A, B)-bip.] Z Z Flky,m)f k27742))—g2/3}.

k1+ko=1 r1,r2>1

Since it is easily checked that the double sum is o(1), an application of
Lemma 6 and Corollary 8 now completes the proof. ]
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6. Large torsos — Poisson behaviour

This section is devoted to the proofs of Lemmas 17 and 18. In both of the
following lemmas, we assume that |a—b| <e2n, ki+ko <e2m and m > (1+4¢)ts.
Let

(1 — 82)m1

ab

and note that my > (1—e?)m. Fix a (k1 ,,, A)-graph G4 and a (kg ., B)-graph
Gp. We consider a random graph Gg, ¢, Which is obtained by setting
GaucpplAl =Ga, Ga, cpplBl = Gp and including the edges between A
and B with probability p independently.

p= and m; =m — k1 — ko

Lemma 20. If in addition to the above conditions, we also have r| < ry4
and ro <rp as well as

(27) log f(k1,m1) > &% f(kg,r2) and log f(ka,r2) > % f(k1,71),

then the probability that G, g p is triangle-free is at most

(f(kr, 1) f (ky,ma)) 1767

Lemma 21. Under the conditions stated before Lemma 20 and if r1 <74,
the probability that Gg, Gp.p Is triangle-free is at most

(f(k1,r)) "%

Lemma 21 also holds if A is replaced by B (and thus also “1” by “2”).
Before we prove Lemmas 20 and 21, we show how they imply Lemmas 17
and 18. In the proofs, it will be helpful to keep in mind our observation from
Section 5 that f(k;,r;) is a large number.

Proof of Lemma 18. We first transform from the binomial Gg, ap p-
model to one with a fixed number of edges. Fix a (k1 ,,,A)-graph G4 and a
(k2,ry, B)-graph Gp. Let Gg, G ,m, be arandom graph chosen like G, ¢4 ps
but with the difference that the AB-graph is chosen uniformly at random
from the set of all AB-graphs with exactly m edges. Alternatively, one may
view G ,.G,m: as a random graph obtained by picking a graph G, ,, in
G(n,m) uniformly at random, conditional on Gy ,[A]=Ga and G, ,[B]=
Gp. Let GG, ,cp,m, be the set of such graphs.

By the Chernoff bound (11), the probability that in Gg, ¢p.p, the AB-
graph has more than m; edges is at most 1/2. The probability of being
triangle-free is monotone decreasing with increasing mp, and so

PlGa,.app is K3-free] > P[Ga,.Gpm, 18 Ks-free]/2.
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Thus, setting n:(f(kl,rl)f(k'g,7'2))_1_482, we have
(28) PlGa,.cpm is Ks-free] < 2n.

Here we applied Lemma 20 if (27) holds. In the case that (27) does not
hold but f(ki,r1)> f(ke,72), we applied Lemma 21. In the remaining case
where (27) fails but f(k1,r1) < f(ke,72), we applied Lemma 21 with A and
B interchanged (note we are free to apply Lemma 21 either to A or B since
we are assuming both 7 <74 and ro<rp).

Let A denote the event that a (k1,,,k2,r,, A, B)-bipartite graph (chosen
uniformly at random) is triangle-free. Also, for every pair G 4,Gp (where G 4
is a (k1,,,A)-graph and Gp is a (ka,,,B)-graph), let ¢, ¢, denote the
event that a random (k1,,,k2r,, A, B)-bipartite graph G satisfies G[A] =
G and G[B] = Gp. Let D¢, g, denote the event that Gg, cym, is a
(k1,r,, k2., A, B)-bipartite graph. Note that D¢, ¢, is exactly the event that
the AB-graph in G¢, ¢, m, dominates G4 and G. Since A and B are fixed,
it makes sense to consider the events defined above in the uniform probability
measure on G(n,m). Also note that P[A] is exactly the probability we are
aiming to bound. Then

P[A] = Z PlA | ‘7:GA7GB] ]P)[]:GA7GB]
Ga,GpB
= Z PlGG,.Gpmi 18 Ka-free | De 5] P[Fe 4 ,65)
Ga,GB
- Z PlGG,.cpmi is K3-free]
n Ga,Gp P[DGAvGB]

]P)[fGAGB]

28
(ﬁ) o Z ]P)[fGA,GB] ‘
GA7GB P[DGAycB]

But P[D¢,.c,) is exactly the number of graphs in G(n,m) dominating
G and Gp divided by |Gg,.c5,m:|- On the other hand, P[Fq, ¢,] is ex-
actly the number of graphs in G(n,m) dominating G4 and Gp divided
by the total number of (ki ,,,k2r,,A, B)-bipartite graphs. Thus, writing
#{k1,r,,k2,ry, A, B} for the number of these, Corollary 14 implies that

|gGA Gp m1| 2e2
]P’.A<277 E = <2n(1+o(1 k1, f(ko, ,
[ ] Ga,Gp i {k‘l,m»k2,r2wl>B} ( ( ))(f( ! Tl) ( ? T2))

completing the proof. ]

The proof of Lemma 17 is the same (except that we do not need
Lemma 20 in order to prove the analogue of (28) and in the end, we apply
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the assumption that f(k1,r1) > f(ka,72) to the error term (f(ka,r2))%"),
and is therefore omitted.

To prove Lemmas 20 and 21, we need the following correlation inequalities
from [6]. Let {I;}ics be independent 0-1-variables where J is an arbitrary
index set. For every subset o of J, let I, =[];c,li- Let S be a collection
of subsets of J and set X =3 c5/q. Furthermore set p = E[X] and let
A=3", 3E[lalg], where the sum is over all ordered pairs («,3) of elements
of § so that aNB#0 and a# 3. Then

(29) MX—wug@m{—u+§}.

If A> p, then we have

s I
(30) P[XzO]gexp{—u+A}§exp{—ﬂ}.

Proof of Lemma 20. Fix torsos T4 and Tg of G4 and Gpg. In our case,
J is the set of edges between A and B, and S consists of all those pairs of
adjacent edges x2’, y2’ between A and B so that xy is contained either in
Ty or Tg. Thus X is the number of triangles in Gg, G, With one edge in
a torso and the opposite vertex in the opposite vertex class. For any a €S,
we have E[I,] = p?. Certainly G, ¢pp is triangle-free only if X is zero.
Furthermore, since p>(1—¢2)?m/n?, we have

1— 2\,,2
(31) M—MMEwhm+%wmﬂz%m+@mﬂLﬁag
8(1 — £2)5m?

(32) > (klﬂ'l + k2,7’2) n3

and

A= Z ZIP’[wz/, vz, 22" € Go,.appl + Z 8Pz, vy, yr' € Ga,.appl

Y, Yz ' xy,z'y’

Here 3_,, . denotes the sum over the set of ordered pairs of edges in the
torsos T4 and T which are adjacent. Note that the number of summands
is at most ki, —1D1+ ko yry—1Do. ny@,,y, denotes the sum over the set of
pairs of edges with zy in T4 and z'y’ in Tp. The number of summands
here is ki, —1k2ry—1 < k1, —1nD>. The factor 8 is due to the fact that
there are 8 possible ways of extending two given opposite edges into two
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ordered adjacent triangles. Without loss of generality we will assume in the
remainder of the proof that k; > ks (which implies that Dy > Ds). Thus

A= XNH'X: p® < (k11—1D1 + kopy—1D2 + 8k1 4, —1D2)np
TY,yz zy,x'y’
3 G
(33) <9(k1,r, + k2,)Dinp® < 25uD1p.
Suppose first that A> p. Crudely, we have

2 (33) (31) log(m/k1) 4m
[ 1 np nlog(m/ki
_— > > (k k - N S
29A = 50Dip — (ks + 2””2)1011)1 = M0t m n

4 (27)
> log f(k,r1) = (14 62%)(1og f(ki,m1) +log f(kz, 2)),

and so we are done by correlation inequality (30) in this case. So henceforth
assume that A < p. Thus by correlation inequality (29) we will be done
whenever we can show that

/2 > (1+6¢)(log f(k1,71) + log f(ka,r2)).

Now consider the case when kq > =3¢%/16,, This implies

(32)
po> kip(1— 52)5(1 + 5)2 log(n3/2) > ki -1 log(n3/2)
8 8
> kmeqgglogOn/kﬂ > ;ﬂjﬁ;zgjlogf(khr1)

(227) 2(1 + 6¢%)(log f(k1,71) + log f(ka,72)).

3¢2/16

So henceforth assume that k1 <n~ m. Now suppose additionally that

m <3t3. Then

A(3_3) 25¢tm  4m < 10042 16(t3)?

- = < 1000&2.
i nlog(m/ki) n? = 3e2n3logn c

(34)

On the other hand, we have that, using m > (1 +¢)t3 in the first line and
m < 3ts in the third line,

—

VIV IVE

(K1, + Koy ) (1 — £2)° (1 + €)% log(n®/?)
(1 +200262) (k1 .y -1 + kory—1) log(n®/?)
(14 2000e%)(log f (k1,71) + log f(k2,72)),

W

(35)
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Hence in this case, inequality (34) and correlation inequality (29) give the
desired result. If m > 3ts, using (32), it is straightforward to check that this
implies

p > 4(log f(ky,71) + log f(ka,72)).

Since we assume that A <y, we are again done by correlation inequality (29)
as observed above. |

Proof of Lemma 21. The proof here is similar to that of Lemma 20. This
time we take X to count only triangles with an edge in A. Thus we can
ignore all terms involving ks ., (and thus also do not need any assumptions
about the relative sizes of the k; or f(k;,r;)). 1

We remark that the only place in the entire proof of Theorem 3 where
we made essential use of the condition m > (1+¢)ts was to prove (35) when
k1 -+ ko is small. We will exploit this in Section 9.

7. Small torsos — expanding neighbourhoods

The aim of this section is to prove Lemma 19. Its proof hinges on the fact
that in a (k1,5 ,k2,r,, A, B)-bipartite graph, sufficiently large sets in B (which
correspond to neighbourhoods of vertices whose degree in G4 is large) will
have neighbourhoods of size almost |A| in A with very large probability. We
first prove this in a more tractable probability model (Lemma 22).

Let k =k and let A’ be a given subset of A with |A’| > a — s, where
s=2k1,,—1/D1 as in (15). Recall from Section 5 that r; =74 <r}. Also note
that (14) implies that k is a large number. Consider a random A’B-graph
with edge probability po=mg/(a’b), where mg>m/4 and o’ =|A’|. We say
that a set V C B expands if its neighbourhood I'4/(V') in A’ contains at least
a—y vertices, where

(36) y = a/log®/< (m/k).

Note that this definition makes sense, since one may check (using (17), k<
Som where loglog1/6y=c7% and £ <107%) that s <y/2 with room to spare.

Furthermore we let

6
, e®m

D) = .
L™ 40nloglog(m/k)
For a sequence Vip,...,V} of subsets of B we define its total weight to be
equal to Y5y [Vi]-
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Lemma 22. Consider the setting of the previous paragraph. Given h <k,
for 1 <i < h let v; satisfy v; > Dj. Furthermore, suppose that Z?:l v; >
k/4. Let Vi,...,V}, with |V;|=v; be chosen uniformly and independently at
random in B and independently of the A’ B-graph. Then

P[the expanding V; have total weight at most k/8] < f(k:,rA)_13/82.

In later calculations we shall make use of the fact that
(14) 5
(37) log f(k,ra) < E—zklog log(m/k).

The basic idea of the proof of this lemma is based on that of Lemma 11
in Kohayakawa, Luczak and Rodl [10]. To prove Lemma 22, we first prove
Lemma 23 and Corollary 24, which essentially states that the V; are likely
to contain many large pairwise disjoint subsets. Since the expansion of these
sets is independent, Lemma 22 then follows without too much difficulty.

Consider selecting h’ subsets W; of B sequentially. Inductively, we now
define whether some W; is useful or not. For ¢>1, let U; be the set of those
J with j <7 where W; is useful and let

JEU;

We then say that W; is useful if at least one of the following holds.

. / /__ b
[ ] uzzy, Where y—m

o [Wi\Ujeu, Wil =Wl /2.
Otherwise call it not useful. Thus in particular, W7 is always useful.

Lemma 23. Given I <k and a sequence of integers w; >0, 1 <1i < h/,
suppose that S0 w; > k/8. Let W1,..., Wy, with |W;| =w; be sets chosen
uniformly and independently at random in B. Then

P[the useful W; have total weight at most k/16] < f(k, rA)_14/52.

Proof. Fix :>1 and let

<log4000/54 (m/k) ) —IWil/2
i = .

2e
Then for any fixed u* and ¢, we claim that

(38) P[W; is not useful | u; = u*] < ;.
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Indeed, if u* >4/, this follows immediately from the definition. If u* <1/,
we apply the Chernoff bound (11), with X = [W; N U, Wil, p = u*/b,
N =|W;|, and 1+ =5b/(2u*), noting that the right hand side of (11) is at
most ((146)/e)~ ()N’ Since the event that W; is useful depends only on
u;, (38) in turn implies that for any event A depending only on W7,... , W;_q,
we have

P[W; is not useful | A] < n;.

Thus for any fixed SC{1,...,h'} so that the W; with i €S have total weight
at least k/16, the probability that none of these are useful is at most

—k/32
1og4000/=* (1, /; GO 14/e2
H'r/zg( g 5 ( /) §2kf(k?,TA) 14/5.
A e

€S

Now note that if the useful W; have total weight at most k/16, then there
must exist a subset S where the W; with i € S have total weight at least

k/16 and where none of the W; is useful. Multiplying by oh' < ok (to account
for all possible choices of S) yields the result. |

Corollalry 24. Given h/ <k and a sequence of integers w;, 1 <i<h’, suppose
that S w; > k/8. Let Wy,..., Wy with |W;|=w; be sets chosen uniformly
and independently at random in B. Let

w=min{k/16, y'}.

Then with probability at least 1—f (k,r ) ~'*/¢* there exist (after relabelling)
disjoint sets W{',...,W}), of total weight at least u/2 so that W] CW; and
|[W!| >|W;|/2 for all i.

Proof. By the previous lemma, with sufficiently high probability the se-
quence W= {Wy,..., Wy} contains a sequence U = {Uy,...,Up~} of useful
sets of total weight at least k/16. If k/16 <y, set h”’ =h*. Otherwise, let h”
be the smallest number satisfying

h//

JUuil =y
j=1

For each i <h”, let W/ = U,\U;;ll U; and observe that by the definition of
“useful”, the W/ have the desired properties. ]
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Proof of Lemma 22. First we calculate the probability that a fixed subse-
quence W ={W1,..., Wy} (of total weight at least k/8) of the sequence of
random sets V1,...,V} contains no expanding sets. By the previous corollary,
we may condition on the fact that the W; contain a sequence W7, ..., W/,
of sets as in the statement of that corollary. Recall that by definition, the
expansion of these sets depends only on the A’B graph and not on the V.
A set W/ is not expanding if there is a set R with a’ — (a —y) vertices so

)

that there are no edges between W/ and R. Thus given W/,

/

2

]P’[W// is not expanding] < ( )(1 — po)(al_(a_y))lwinl.

a—-y

a a a\ @) ”
(a—y> = (a—y> - <y> = (ealu)”

Hence we have, using o' >a—s>a—y/2,

Now note that

P[W/ is not expanding] < exp {y( log(ea/y) — p0|WZ~”|/2)}

(36)

< exp {y((400/")(1 + loglog(m/k)) — po|W"|/2) }
(39) < exp{—ypo|W;'|/4},
where we used in the last line that |[W/"|> D/ /2 and m >t3. The disjointness
of the W) then implies that

_ 3 _ 5
]P’[none of the Wi// expand] < e uypo/2 <e uym/(2>a’b)

(36) ———wm
< e 25b10g00/¢% (m/k)

o Em _ m
< max{e 29012 m/k) o 251051400/ (m/k)

R

37)
<

f(kv TA)_14/82 .

In the last line we used the fact that k/m < & and ¢ < 107%. Thus in
particular

IP [none of the W; expand] < f(k, TA)_14/52_
As in the proof of Lemma 23, the result now follows if we sum over all

possibilities of choosing W, thus multiplying the above probability by 2" <
2k, |
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Now we apply Lemma 22 to show that if G4 is “friendly” and if we let
the V; in Lemma 22 correspond to the neighbourhoods I'g(x) of the vertices
x € A whose degree in G4 is large, then I'4(I'p(z)) is likely to be very large.
The proof of Lemma 19 is then based on the fact that this severely limits
the number of choices for I'4(x) if we do not want to create a triangle. For
convenience let k=Fk; and ¥’ =k ,,_1 again. We say that a (k;,,,A)-graph
G 4 is friendly if with probability at least f(k:,TA)_6/82 it is dominated by
an AB-graph with mq =m—k—ksy edges chosen uniformly at random. For a
given set S’ C A, we let A’=A\S’. We say that a vertex z € S" is S"-ezpanding
if

[Ca(I'p(2))| = a —y.

We say that a set of vertices S’-ezpands well if each of its vertices S’-expands.

Lemma 25. Fix a friendly (ki,,,A)-graph G4 and choose an AB-graph
uniformly at random from the set of AB-graphs with m, edges dominating
G 4. Let S be the lexicographically first spine of G 4 and let S’ be the subset
of S which contains all vertices whose degree in G4 is at least D}. With
probability at least 1 — f(k,m)*u/g, S’ contains an S’-well expanding set
S with

(40) > da(x) > k/8.

zeS”

Proof. By Proposition 11, the vertices of S are adjacent to at least k—k' >
k/2 edges of G 4. Recall also that |S|<s=2k'/D;. Thus the average degree
in G4 of the vertices in S is at least

Dy (14) edm

k
—> = = 2D;.
2s ~ 5(1l—¢g)ra 20n log log(m/k) !

(41)

By (41), the vertices in S\\S” can be adjacent to at most |S\S’|D} <sD} <k/4
edges in G4, and thus the vertices in S’ are still adjacent to at least k/4
edges in G 4. For any AB-graph with m; edges, let

Sp = Z dB({L')

zes’
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and let s'=|S5’|. Note that by definition, we have sp <s'b. Then the propor-
tion of AB-graphs with sg>m;/2 is at most

sb\ ((a—s")b ab my\ (s'b)°B (ab)™ —5B
L)) 2 )

< N 4™ fa)*E < myd™ (s /a)™
sp>mi/2

18 37
(S) yomi < gom (S) f(k,m)’lg/g.

Since for any two events D and &, one has P[D|E] < P[D]/P[E], by the
definition of “friendly”, the above implies that the proportion of A B-graphs
as in the statement of the lemma with sp>m1/2 is at most f(k,r) 2/
So assume that sp <mj /2. Now consider any fixed sequence of degrees dp(x)
for all z € S’, where we require that dp(x) > da(z). Recall A’= A\S". Let
P1,.s0 denote the probability measure on the set of all AB-graphs where the
S’ B-graph is uniformly chosen from all S’B-graphs which conform to the
above degree sequence and the A’ B-graph is uniformly chosen from the set
of all A’B-graphs with ms edges (independently of the S’B-graph), where

mgzml—sB:m—k—kg—sB.

Note that my > m/4. Correspondingly, let P, v denote the probability
measure on the set of all AB-graphs where we choose the S’ B-graph as above
and where the A’ B-graph has edge probability ps, where po=ms/(a’b). Let
S” denote the set of S’-expanding vertices in S’. Let C denote the event
that for all the vertices in A’ the number of neighbours in B is at least the
number of neighbours in G4. Clearly, the lemma will follow once we have
shown that

(42) Pyt 3 da(e) < k8| €] < flhra) ¥

xzeS”

So it remains to prove (42). For this, note that in P,,, ¢/, the A’B-graph is
chosen uniformly at random with msy edges and thus has average degree at
least ma/n>m/(4n)>2D). As in the proof of the case r; =1 in Lemma 13,
the probability that such a graph has mimimum degree less than D/ tends
to zero (and hence since A’ = A\S” the probability that C holds tends to
one). Thus the left hand side of (42) is at most

Prs,r[ D da(@) < /8] [Pony 51[C] < Py 50| D da(w) < k/8|(1 4 0(1)).
zes” zes”
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Furthermore, by considering the probability under IP,, ¢/ that the A’ B-graph
has exactly mo edges, we have

(43)  Pps| Y dale) <k/8|

xeS”

> (a’b)pgm(l _pZ)a’bfmzpm%S,[ Z da(z) < k‘/S}

m2 xzeS”

1
2 m—2pm275/|:m§,ld,4($) S k‘/8},

where the last line follows from a Stirling bound (see e.g. pages 4 and
35 of [2]). Write S" = {z1,...,2,}. To bound (43) from above, we apply
Lemma 22 with A"= A\S’, h=|5"| <k and where for all i, the V; are sub-
sets of I'p(x;) of size exactly da(z;), chosen uniformly at random in I'p(x;).
Recall that dp(z;) >da(z;) > D} and ), e dp(z) > k/4. Furthermore note
that the definition of Pp, ¢+ implies that the sets I'p(x) are independently
and uniformly distributed in B. This in turn implies that the V; are then also
uniformly distributed in B. Thus the conditions of Lemma 22 are satisfied
and inequality (42) follows using mgf(k,rA)_13/52 §f(k:,r,4)_12/82. |

Given a friendly (ki ,,,A)-graph G4, we say that a (k2,,,B)-graph Gp
is friendly with respect to G 4 if with probability at least f(k,r A)*6/ it is
dominated by an AB-graph chosen uniformly at random from the set of AB-
graphs with m; edges dominating G 4. In this case, we say that G4 and Gp
form a friendly pair and that any (ki ,,,k2.,,A, B)-bipartite graph G with
G[A]=G4 and G[B]|=Gp is friendly. Otherwise we call it an unfriendly pair
and call any corresponding (ky ,,,k2,,A, B)-bipartite graph G unfriendly.

Corollary 26. Fix a friendly pair G4 and Gp where G4 is a (ki,,,A)-
graph and Gp is a (kgr,, B)-graph. Choose a friendly (ki ,,k2r,, A, B)-
bipartite graph G uniformly at random subject to G[A]=G 4 and G[B]=Gp.
Let S be the lexicographically first spine of G4 and let S’ be the subset of
S which contains all the vertices whose degree in G 4 is at least D}. With
probability at least 1 — f(k,rA)*5/€2, S’ contains an S’-well expanding set
S" with

(44) > da(x) > k/8.

xzes”

Proof. Consider choosing an A B-graph uniformly at random from the set
of AB graphs with m; edges dominating G 4. Let D be the event that it
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also dominates Gp. Let £ be the event that S’ does not contain a set S”
satisfying (44). It suffices to show that P[€ | D] < f(k,r4)~5/¢*. But P[£| D] <
P[€]/P[D] and P[D] > f(k,ra)"%/=" as the pair (G4,Gp) is friendly, while
P[E] < f(k,r4)~ /" by Lemma 25. |

The reason why we introduced the notion of a dominating A B-graph in
the definition of a (ki ,,k2r,,A, B)-bipartite graph was that it makes it
easier to prove a result like Corollary 26 — if for instance the AB-graph is
chosen uniformly at random from the set of AB-graphs with m edges and
if S is a fixed set of vertices in A with |S| <e3s, then one may check that
even the probability that S is isolated is larger than f(k,r A)*5/ e

Proof of Lemma 19. As usual, we write k instead of k; and k' for ky ,, 1.
We first consider the (k1 ,,, k2., A, B)-bipartite graphs which are unfriendly.

Denoting the sum over all unfriendly pairs by ng,c:y the number of these

1S

unf
Z |Gap: Gap is an AB-graph with m; edges dominating G4 and Gp].
Ga,Gp

We crudely bound the number of summands by the product of the total num-
ber of (k1 ,,A)-graphs and (kz,,,B)-graphs. By definition, each summand
is at most the number of AB-graphs multiplied by f(k:,rA)_6/82. Indeed, for
each summand, either GG 4 is unfriendly, in which case we apply the definition
preceding Lemma 25. Otherwise G'p is not friendly with respect to G4 and
the same bound follows from the definition preceding Corollary 26. Com-
paring the resulting upper bound with the lower bound on the total number
of (ki,,k2,r,,A,B)-bipartite graphs in Corollary 14, one readily sees that
the probability that a (ki ,,,k2.,,A, B)-bipartite graph (chosen uniformly
at random) is unfriendly is at most

(L4 (1)) f (k,ra) ™52 f (kg ) < f () 7,

where the final inequality comes from our assumption made in the statement
of the lemma.

Thus it suffices to show that the probability that a friendly (ki,,,
ko.ry, A, B)-bipartite graph is triangle-free is at most 2f(k‘,rA)_5/€2. For a
(k17 ,,k2,ry, A, B)-bipartite graph G, let S be the lexicographically first spine
in G[A] and let S’ be the subset of S containing all those vertices whose de-
gree in G4 is at least D}. We say that the AB-graph in G is S-good if S’
contains an S’-well expanding subset S” satisfying (44). By Corollary 26,
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the probability that in a friendly (ki ,,k2r,, A, B)-bipartite graph, the AB-
graph is not S-good is at most f(k:,TA)_5/‘52.

Now consider the case that in a friendly (k1 ,,,k2,r,, A, B)-bipartite graph
the AB-graph is S-good. Consider first fixed sets S, S’C S and S” C S’ in
A with |S]<s and |S”|=s". Let G4 be the set of all (ki ,,,A)-graphs G4
whose lexicographically first spine is S, where S’ is the subset of S containing
the vertices whose degree in G4 is at least D} and where S” is an S'-well
expanding set which satisfies (44). Further consider a fixed AB-graph which
is S-good (with the same S” as above) for at least one (kj,,,A)-graph in
Ga. We now bound the number of (ki ,,A)-graphs in G4 which could form
part of a triangle-free (ki,,,k2r,, A, B)-bipartite graph together with the
fixed AB-graph. Write S” = {x1,...,24 }. But then, for a vertex z; € S”,
there are at most y possibilities for neighbours of z; in A which do not
produce a triangle together with the AB-graph. For 1<i<s", let da(x;) be
a sequence of nonnegative integers satisfying da(z;) <y and adding up to
exactly da, where d4 >k/8. Let "4, denote the sum over all such sequences.
By Proposition 11, at least k— k" edges of the (ki ,,A)-graph G4 must be
incident to S. Thus the number of (£, ,,A)-graphs in G4 not producing a
triangle together with the fixed AB-graph is at most

e B2 (M) () (2)
< 5 () (@)
<o) (ans i) (2)

In the second line we used (s”—1 times) the fact that Z;lzo (;) (dvj) (1.

In the third line we used s” < s and that the largest summand is the one
with d4=k/8. Clearly, the number of choices for S”, §" and S is at most

! (18)
Z Z Z ((J,)(’S,’><“S;/’> §33a5.25.25 < (J,QS.
S//_l ‘Sl _SH ‘S| ‘Sl ‘S‘ ’S ’ S

Now let #{ko,r2} denote the total number of (kg,,,B)-graphs. Then the
above implies that the total number of triangle-free friendly (ki,,,k2r,,
A, B)-bipartite graphs where the AB-graph is S-good for some S is at most

(46) a2 U#{kg,r2}<ab>
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Similarly as in the “unfriendly” case, we compare this with a lower bound
on the total number of friendly (k1 ,,,k2r,,A, B)-bipartite graphs where
the AB-graph is S-good. To this end, note that all (k;,,,A)-graphs with
maximum degree at most m/n are friendly. Indeed, this follows since (as
already noted in the proof of Corollary 14) almost all AB-graphs with
mq edges have minimum degree at least m/n. This also implies that any
(k2,r,,B)-graph with maximum degree at most m/n forms a friendly pair
together with any (k;,,,A)-graph with maximum degree at most m/n. Fur-
thermore, note that by Corollary 26 certainly almost all AB-graphs with
my edges dominating a friendly pair are S-good. Also by Lemma 13, the
number of (kg ,,,B)-graphs with maximum degree at most m/n is at least
#{kg,rg}f(kg,rg)*252. Together with Proposition 15, this shows that the
number of friendly (ki ,,,k2,,A, B)-bipartite graphs where the AB-graph
is S-good is at least

(1 0(1)) ((s0/8)* /R1) #t{ka, ra} (ko r2) > (i)

Thus together with (46), this shows that the probability that a random
friendly (k1 ,,,k2,r,, A, B)-bipartite graph where the AB-graph is S-good is
triangle-free is at most

(1+ 0(1))@25Uk:! (sa/8)—k f(k‘2,7“2)252

;o (80 " k!
(252 (5y)k/8 (sq)Th/BH g2 (§> T
(47) < a®2 (a/5)" 8° (y/a)"V 3" [ (o, 72)*"
In the last line we used that k!/(z!y!(k—z—y)!) <3¥. Now use that sloga <k
(see (18)), that by (15), a/s<m/k, to see that (47) is at most

(m/R)¥ (246" (y/a)"/*  (hz. 2
(1§4) =P {k <§2 log log(m/k) + log(24e") + %log(y/a)) } Flka, )%

(45)

45
<

- f (o, )%

(36)
< exp{—j—f/ﬂloglog(m/k)} f(kg,?“g)2€2
(37

IN ING

) 2 2
Fllyr2) 8 f ko, r2) %
f(kv TA)75/€2a

where in the last line we used the assumption made in the statement of the
lemma. |
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8. Odd cycles

The proof of Theorem 5 is quite similar to the one for triangles. However,
some of the details are more complicated, which is the reason for presenting
a sketch of the necessary modifications to the proof of the triangle case
separately.

Again we can restrict our attention to the case where m= o(n2): Lamken
and Rothschild [11] proved that for an odd integer ¢, almost all Cj-free
graphs are bipartite. In Osthus [13], it is then shown how the techniques
used in [16] and [11] can be adapted to prove Theorem 5 when m/n? /0.

First consider the proof of the O-statement. We assume without loss of
generality that ¢ < 1076/(£22%). For n/2 <m < ¢in, where ¢ is fixed, the
probability that a random graph G, ,,, is Cy-free is bounded away from zero,
so for these m, we may apply the same reasoning as for triangles.

If ¢yn <m <20nlogn, the result follows immediately by noting that the
number of bipartite graphs on n vertices and m edges is at most 2”(L"Z4J),
whereas the following special case of a more general result of Promel and
Steger (see [17]) shows that the number of Cy-free graphs on n vertices and
m edges is much larger. We omit the calculations, since they are very similar
to the ones for the triangle case in [16]. Let X, denote the number of ¢-cycles
in Gpm. (Note that E[X/]|=0(m"/n")).

Theorem 27. [17] Ifm=o0(n'*Y/(=1)  then there exists a positive constant

¢ so that
PGy, m is Cy-free] > e CE[X,]

So assume that 20nlogn <m < (1—¢)t,. As in the case of triangles, we
fix an almost equitable bipartition into classes A and B, fix an edge e in A
and consider a random AB-graph with edge probability p= (1+¢&2)4m /n?.
Note that a = (1+0(1))b = (14 0(1))n/2. We need a lower bound on the
probability that the union of such an AB-graph and e contains no ¢-cycle.
But the existence of such cycles is positively correlated, and thus the FKG-
inequality (see e.g. Theorem 2.12 in [7]) implies that this probability is at
least

(1 B pzil)(1+o(1))(n/2)5*2 (g) o (re2)pt 1 (n/2)e2 "
By the definition of ¢;, we have mu, > (1 —e)tge_(l_a)(t@)bl(w")( — 00, and
the rest of the proof goes through as before.

To prove the second 1-statement, we will make use of Theorem 28 below.
Luczak [12] proved that it follows from the odd-cycle case of a conjecture
of Kohayakawa, Luczak and Rodl on the probability of the nonexistence
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of a fixed subgraph in a certain random graph (Conjecture 8.35 in [7] or
Conjecture A in [12]). Based on ideas in [10], Kohayakawa and Kreuter [9]
proved a slightly weaker form of the conjecture for the case of cycles of ar-
bitrary length (which was sufficient for their purposes). By using the notion
of an (¢ — 2)-expanding set which is used later on in this section, one can
extend their proof to give the full conjecture for cycles of arbitrary length
(see Behrisch [1]), which fills the gap in the proof of Theorem 28.

Theorem 28. Given an odd integer ¢ and § > 0, there exists a constant
C >0 so that almost all Cy-free graphs with n vertices and Cnt/E=) <m<
n?/C edges can be made bipartite by deleting at most dm edges.

The proof of the second 1-statement is then the same as for triangles,
except that of course we have to prove Lemmas 17, 18 and 19 for odd /-
cycles. Lemmas 17 and 18 are derived from Lemmas 21 and 20 as before. We
now show how to modify the proof of Lemma 20 so that it applies to £-cycles
instead of triangles. S is now the set of those paths on £—1 edges (where
the edges all have one endpoint in A and one in B) which form an ¢-cycle
together with some edge in T4 or Tp. Thus X now counts the number of
(-cycles in Gg, Gp,p With one edge contained in some torso and the others
in the AB-graph. Then, similarly to (31), we have

= (kl,m + k277’2)((1 - 52)n/2)€_2pé_1-

One difference is that A now counts the expected number of pairs of /-
cycles with at least an edge in common, where the edges in the torso are not
necessarily adjacent. Thus

-2
A=>""E[Xce,l

e,e’ i=1

Here }_. ., denotes the sum over all pairs of edges {e,e'} in TyUTp and
X i denotes the number of ordered pairs of paths o, &' €S in Gg, app
so that aUe and o/ Ue’ are f-cycles and so that o and o’ have exactly 4
common edges. Now note that if & and o/ have ¢ common edges, they must
have at least i+ 1 common vertices. Thus one can show that the fact that
pn — oo implies that the contribution from those terms with i > 1 is o(1)
of those with ¢ = 1. Distinguishing between the cases where e and ¢’ have
an endvertex in common or not as in the derivation of (33), one may now
check that (assuming without loss of generality that ki > ko as before and
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also with the same summation as before)

A<(1 +€)p2(€—1)—1< S (n/22D 4 Y 8€(n/2)2“‘2)‘2>

TY,Yyz zy,x'y’
< 250uDn3p! 2.

Using this, it is easily checked that % > 545 log f(k1,71) as before. In the final

case analysis, we now distinguish whether &y /m < n=t/8-1) and whether
(m/tg)*~1 <9. The analogue of (34) is then that A/u <2000£2%. One can
compensate this by showing that (using ¢ <1076/(£22%)) in (35) the term
20002 can be replaced by 4000£2¢2.

The proof of Lemma 19 is also similar, except that instead of Lemma 22
we need a lemma which is concerned with (¢ —2)-ezpanding sets instead of
expanding sets. As in Lemma 22, in what follows, we are given a vertex
bipartition into A and B and a subset A’ C A with |A’| >a—s. We then con-
sider a random (bipartite) A’B-graph with edge probability pg=mg/(a'b),
where mo>m/4. We say that a set V' C B is ({—2)-expanding if its ({—2)th
neighbourhood

La(Tpla)32(V)

contains at least a —y vertices. Thus we are done if we can prove

Lemma 29. Consider the setting above. Given h <k, for 1 <i<h let v;
satisfy v; > D}. Furthermore, suppose that Z?:l v; >k/4. Let V..., V), with
|Vi|=wv; be chosen uniformly and independently at random in B. Then

P[the (¢ — 2)-expanding V; have total weight at most k/8] < f(k, TA)*I?’/EQ.

To prove this, we need an auxiliary lemma. For 1<d</—1, let

6 d
W — ety
¢~ \ 8onloglog(m/k) | -

Let
v =min {k/32,y'/2} .

Lemma 30. Let d with 2<d</{—2 be an integer. Let W1 g_1,..., Wy 41
be disjoint sets, all in the same vertex class, satisfying |W; q_1|>wq—1 and
Zi‘;l |Wiq—1|>u'. Consider an A'B-graph with edge probability p; > po/X.
Then with probability at least 1—f (k,r4)~ %/ 82, there exist (after relabelling)
disjoint Wy q,...,Whyn q, satistying |W; 4] > wq, Zfi/l |Wial >, and W; 4 C
I'(W; g-1).
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The idea of the proof is similar to that of Lemma 23 and Corollary 24.
The details are more complicated, but on the other hand, there is more room
to spare in the calculations.

Proof of Lemma 30. Since o' =|A’| and b=|B| are approximately equal,
without loss of generality we may assume that the W; 4 1 are contained
in B. Let W’ = I'(W; 4—1). Inductively, we now define a notion called d-
usefulness. For all 7, let U; 4 be the set of those j with j <4 for which the
W) ; are d-useful and let

(48) U; = ' U

JEU; 4

Then we say that W/ 4 1s d-useful if at least one of the following two possi-
bilities hold.

ou,>a//2
o W, d\U]EL(Zd Wi | ZE[|W, d”/25

Now let W' = Ujeui, ., Wj7d. Then the probability that W/ 4 1s d-useful is

equal to one if |W’| >a’/2. So suppose that |W'| <a’/2. Suppose also that
pe|Wi a—1| <4. Then for a vertex € A"\W’, we have

= P[l’ g W;d] — (1 — pZ)IWi,dfll é (1 _pZ)IWl,dfl‘/Zl

<1 pz\Wi,dﬂ (1 B pz\Wé,dﬂ) <1 pz\Wé,dﬂ.

Here we used that for 7j <1, we have (1—7) <1—7j+(75)?/2. Furthermore,
for any x, y € A" with = # y, the events that x € W/, and y € W}, are
independent. Thus \WZ{ 4\W’| is binomially distributed with mean

(49) E[[W] \W'[] = [A\W'|(1 = ) = a'pel Wia—1l/2".

On the other hand, E[|[W] ;|| =a'(1-p") <a'pe|W;, a- 1]- (The second inequality
follows from the fact that the probability 1 —p’ that = € W/ 4 is at most

the expected number of neighbours of = in W;4_1.) Thus by applylng the
Chernoff bound (10) with 6=1/2, we have
2

P[W!d is not d-useful | |W/| < a//2] < exp {—a/pg|m7d_1|/27} .

Now consider the case py|W; q—1| > 4. If W/ 4 1s not useful, the trivial in-
equality E[|W],|] < a’ implies that there must be a set V' of at least a'/4



ABOUT THE BIPARTITENESS OF RANDOM TRIANGLE-FREE GRAPHS 145

vertices in A’ which are not adjacent to any vertices in W; a—1. Since there
’ . . .
are at most 2% choices for V, in this case we have

P[Wi/,d is not d-useful | ‘W/| < a’/2] < 2al(1 — pg)allvvi’d*ﬂ/4
< (6/2)_p£a/‘wi,d—l‘/4
< e~ Pea'[Wia_1]/16

Thus for any fixed Wy_; C{1,...,h'} where the W; 4_; with i€ W,_; have
total weight at least u'/2, the probability that none of the corresponding

neighbouring sets Wi”d are d-useful is at most

exp { = 3 apdWianal/27| < exp {~apun'/2°0)}

1EW 1
(50) <27k f ke, ra)

where we used that e <1076/(¢£22%) (with room to spare) to get rid of the
1/¢ factor in the exponent. The details of the intermediate calculations are
similar to those of the proof of Lemma 22.

Now note that if those W; 4—1 whose neighbouring sets W’ 4 are useful
have total weight at most u’/2, then there must exist a subsequence Wi_1C
{1,...,h'} where the W; 41 with ¢ € W4_; have total weight at least u’/2
and where none of Wi/,d which correspond to some W; g1 with i€ Wy_1 is
useful. Multiplying by 2" < 2%, (50) implies that with probability at least
1-f(k, TA)*14/52, no such subsequence W;_1 exists, and so the W; ;41 whose
neighbouring sets Wi” 4 are useful have total weight at least u'/2.

Let W), be the set of these useful Wi” 4- Without loss of generality, assume
that the sets are numbered so that Wy={W{ ;,..., Wy, ;} for some h" <h'.
Let Wy ={W{ 4,...,Wy. 4}, where h* =h"" if upm <a’/2 (where u; is defined
as in (48)), and otherwise h* is the smallest number satisfying

\Ud

Suppose that W/ contains a set W’d so that pg|W; 41| >4 for this j. Then

E|Wj ) = (1= p) ™01 2 /(1= i) > (1 - et) 2 27y

So setting h’ =1 and Wy 4=W/ d satisfies the requirements of the lemma.
So we may assume that pg|VV, d— 1| <4 for all s <h*. We claim that in this
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case, the sets in W have total weight at least 2°u’ and satisfy [W/ ;| >2%wq
for all i <h*. Indeed, inequality (49) implies that

E[[W] 4] > E[[W] \W'|] > a'ppwa—1/2* > 2°wq.

Similarly, E[[W] ] >27|W; 4-1], and so the claim follows from the fact that
those W; ;1 whose neighbouring sets Wi/,d are useful have total weight at
least u//2 and from the definition of d-usefulness. Now we choose disjoint
Wia from the W/ ; in Wy satisfying the assertion of the lemma as in the
proof of Corollary 24. ]

Proof of Lemma 29. This is similar to the proof of Lemma 22. Again, we
first calculate the probability that a fixed subsequence W= {W1,..., Wy}
of total weight at least k/8 of the sequence of sets Vi,...,V} contains no
(¢ — 2)-expanding sets. Since for all i, |W;|/2> D) /2> w1, an application of
Corollary 24 tells us that with probability at least l—f(k:,rA)_14/82, we can
find a sequence of sets satisfying the conditions of Lemma 30 with d=2. Now
define py by (1—py)’ = 1—pg and note that an A’ B-graph with edge probability
po can be considered as the union of ¢ independent A’B-graphs with edge
probability py. Note also that p,>py/¢. Now apply Lemma 30 with d=2 to
the sets obtained from Corollary 24 and the first of the £ random A’ B-graphs
with edge probability p,. Then with probability at least 1— f(/{?,T'A)_14/82,
we obtain sets W;o which satisfy the conditions of Lemma 30 for d = 3.
Now continue this process, until after £ —3 applications of Lemma 30, with
probability at least 1— (€ —2)f(k,r4)"*%/¢*, we have a sequence of disjoint
sets Wi g—o,...,Wpn ¢_o as in the assertion of Lemma 30 for d=/¢—2. The
remainder of the proof is now the same as that of Lemma 22, except that
we consider a random A’B-graph with edge probability p, again. For all 4
with 1<¢<h” we have (using |W; s_a| >w;_2)

/

Pl T4 (Wiy—2) <a—y] < (ai y) (1-— pz)(a’—(a—y))\Wi’g,g\

< exp{—ype| Wi ¢—2|/4}.

The disjointness of the W;,_o then implies that the probability that none
of the W; s_o with 1 <7 <h” expand is at most e e /4 < f(k,rA)_14/82.
Putting the above together, the probability that in the union of the above
graphs (and thus in the random A’B-graph with edge probability pg) none
of the W; is (/—2)-expanding is at most Kf(k,rA)_14/52. Now note that if the
(¢ —2)-expanding V; have total weight at most k/8, then there must exist a
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subsequence W={Wj,..., W} of the V;, where the W; have total weight at
least k/8 and where each W; is not (¢—2)-expanding. The result now follows
if we sum over all possibilities of choosing W, thus multiplying the above
probability by 2F <2k, ]

9. Almost bipartite triangle-free graphs

Spencer (personal communication) asked whether for m>>n%/2, the bounds
in Theorem 2 could be improved. Indeed, comparing Theorem 2 and our
Theorem 3, it seems natural that as m increases from n3/2 to t3, a random
triangle-free graph with m edges should look more and more like a bipartite
graph in the sense that fewer and fewer edges are needed to be deleted in
order to make it bipartite. The proof of Theorem 3 shows that the following
is true.

Theorem 31. Given ¢>0 and k* with 0<k*=o0(m), suppose that

(51) m> (1 —l—s)\/ign?’/Zw/log (m/k").

Then almost all graphs in 7T, ,, can be made bipartite by deleting at most
k* edges.

Indeed, the only change in the proof of Theorem 3 that needs to be made
is that in the proof of Lemma 20, instead of asking whether &y >p=3/16p,
(i.e. whether m/k;y < (n3/2)=*/8), we now ask whether m ki < (m/k*)**/8 and
replace all occurences of log(n®?) by log(m/k*). The proof of the lemma
then goes through as before. There are only two other places in the proof
of Theorem 3 where we used m > t3 (and not just that n(logn)? = o(m)
or k<dym): in the proof of (39) we used that m?/n? is large compared to
(loglog(m/k*))?, which remains true. Also, in the derivation of Theorem 3
at the end of Section 5 we used the fact that n3/2 =o(m) in order to apply
Theorem 2. It is easily seen that this condition is also still satisfied.

By solving (51) for k*, one obtains the following reformulation.

Corollary 32. Suppose that n3?< m<ts. Then almost all graphs in Tnm

—8(140(1))m?2 /n?

can be made bipartite by deleting at most me edges.

Corollary 32 implies the following upper bound on the number of triangle-
free graphs |7, ,,| in terms of the number of bipartite graphs for m in the
above range. (With more work, a similar lower bound could also be obtained
using the methods of Sections 3 and 4.)
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Corollary 33. Fix ¢ > 0. Suppose that n3?2 <« m < t3 and that k* =
me8(1=)m?/n® Thep

(52 Tl < (,T) Bip,..

Proof. Let 1 =¢/2. By Corollary 32, it suffices to bound the number of
the number of k-bipartite graphs with k <k, where k°= me8(1—e1)m?/n?
Fix a vertex bipartition into A and B with |a —b| < e¥n. As in the proof
of the 1 = ro = 1 case of Lemma 12 it is easily seen that the ratio of
the number of graphs which are at most k°-bipartite with respect to this
partition (i.e. which have at most k° edges inside A and B) to the number

of (0,0, A, B)-bipartite graphs is
k° a b k° k
(5) + () [ ab ab m\ [ a®+b?
S ()2 () =5 () (Em)

< L+ m (/{7 )k*—ko 2k* < 1 m .
k* (m—kO)k*,ko 2\ k*

Here we used that the condition on m implies that k* = o(m), k* — oo,
k*/k®>2 and that m=o(ab). By Lemma 16, the contribution of the parti-
tions with |a—b|>e?n is negligible. An application of Corollary 8 completes
the proof. ]

Here is a heuristic argument which motivates the function appearing
in Corollary 32: the argument leading to (2) suggests that the probability
that a k-bipartite graph is triangle-free might be close to p* = g=8km?/n?
The number of triangle-free k-bipartite graphs would then be close to p*
multiplied by the number of k-bipartite graphs. Since the right hand side
of (52) gives an upper bound on the number of k-bipartite graphs, one sees
that this is much smaller than the number of bipartite graphs when 8km?/n?3
is larger than klog(m/k). Solving for k gives the result.
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